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Consider the oriented percolation model. Let rn be the right edge. By a subadditive
argument, it is known that
lim
n!1
rn
n
¼ aðpÞ a:s: and in L1:
In this paper, we show aðpÞ is inﬁnitely differentiable in p for all 14p4pc.
r 2004 Elsevier B.V. All rights reserved.
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Consider the graph with vertices
L ¼ fðm; nÞ 2 Z2 : m þ n is even nX0g
and oriented edges from ðm; nÞ to ðm þ 1; n þ 1Þ and to ðm 
 1; n þ 1Þ. Each edge is
independently open or closed with probability p or 1
 p. Let Pp be the measure onsee front matter r 2004 Elsevier B.V. All rights reserved.
.spa.2004.07.001
7192623336; fax: +1-7192623605.
dress: yzhang@math.uccs.edu (Y. Zhang).
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Q
edgefopen; closedg and Ep be the expectation with respect to Pp.
For two vertices u and v we say u ! v if there is a sequence v0 ¼ u; v1; . . . ; vm ¼ v of
points ofL with the vertices vi ¼ ðxi; yiÞ and viþ1 ¼ ðxiþ1; yiþ1Þ for 0pipm 
 1 such
that yiþ1 ¼ yi þ 1 and vi and viþ1 are connected by an open edge. If there is no such
sequence, we say uQv. Deﬁne the oriented percolation cluster at ðx; yÞ by
Cðx;yÞ ¼ fðx0; y0Þ 2L : ðx; yÞ ! ðx0; y0Þg:
Let
Oðx;yÞ1 ¼ fjCðx;yÞj ¼ 1g:
The critical point is deﬁned by
pc ¼ supfp : PpðOð0;0Þ1 Þ ¼ 0g:
It is well known that
0opco1:
For A  ð
1;1Þ, we denote a random subset by
xAn ¼ fx : 9x0 2 A such that ðx0; 0Þ ! ðx; nÞ for n40g:
The right edge for this set is deﬁned by
rn ¼ sup xð
1;0n ðsup ; ¼ 
1Þ:
We know that (see [3, p. 1004]) by using Kingman’s subadditive ergodic theorem
that there exists a nonrandom constant aðpÞ such that
lim
n!1
rn
n
¼ inf
n
Eprn
n
 
¼ aðpÞ a:s: and in L1: ð1:1Þ
Similar to most subadditive random sequences, Kingman’s theorem tells us almost
nothing about the behavior of aðpÞ. A large amount of work on oriented percolation
has been focused on the limit aðpÞ. At this moment, it has been proved (see [3,1]) that
aðpÞ ¼ 
1 if popc; aðpcÞ ¼ 0; 1XaðpÞ40 if p4pc:
Although it seems to be impossible to write aðpÞ explicitly when p4pc, we would like
to understand the qualitative behavior of aðpÞ as a function of p. One can carry out
the same proof in Liggett’s book [5, Theorem 3.36] to show the continuity of aðpÞ for
p 2 ½pc; 1. With the continuity, it is natural to ask the smoothness of aðpÞ. It is
conjectured that
lim
p#pc
aðpÞ
ðp 
 pcÞ
¼ 1
so aðpÞ should not have the left-hand derivative at pc. In this paper we will investigate
the differentiability for aðpÞ as 14p4pc.
Theorem. aðpÞ is infinitely differentiable for all 14p4pc.
Our method in the proof of the Theorem depends on the fact (see [4]) that rn can
be almost decomposed into an i.i.d. sequence. With this decomposition we can
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terms in the ratio can be factored out as two parts: PpðOð0;0Þ1 Þ and an inﬁnite series
with terms i times a probability that depends only on the edges in the ﬁnite triangle
with corners at ð0; 0Þ, ði; iÞ and ð
i; iÞ. The smoothness of the ﬁrst part PpðOð0;0Þ1 Þ is
well known in [3]. The probability in the second part is just a polynomial with a
degree about i2 so the kth derivative of the probability contributes at most i2k. Then
exponential decay of the probability allows us to add up the smoothness of the
second part.
The method may not be applied for other subadditive processes such as the ﬁrst
passage percolation model. In this model, the time constant mxðpÞ, similar to aðpÞ, is
the limit of a ﬁrst passage time process, where p is the probability that an edge is
open and x is a unit vector as the direction. The continuity of mxðpÞ took many years
to be solved by Cox and Kesten [2]. But the differentiability for mxðpÞ still remains
open. Moreover, Yukich and Zhang [6] showed that the time constant is not three
times differentiable for some p and x.2. A representation of aðpÞ
We use the notations in [4] in this section. Let us denote
x00 ¼ xð0;0Þ0 ;
and for nX0,
x0nþ1 ¼
fx : ðy; nÞ ! ðx; n þ 1Þ for some y 2 x0ng if this set is non-empty;
fn þ 1g otherwise:

Let
r0n ¼ sup x0n:
On fxð0;0Þn a;g, we know that r0n ¼ rn. A vertex ðx; nÞ 2L is said to be a percolation
point if and only if
IðOðx;nÞ1 Þ ¼ 1:
Let T0 ¼ 0 and for mX1
Tm ¼ inffnXTm
1 þ 1 : ðr0n; nÞ is a percolation pointg:
Deﬁne
t1 ¼ T1; t2 ¼ T2 
 T1; . . . ; tm ¼ Tm 
 Tm
1;
where ti ¼ 0 if Ti and Ti
1 are inﬁnity. Also deﬁne
X 1 ¼ r0T1 ; X 2 ¼ r0T2 
 r0T1 ; . . . ; X m ¼ r0Tm 
 r0Tm
1 ;
where X i ¼ 0 if Ti ¼ 1 and Ti
1 ¼ 1. With these deﬁnitions, Kuczek [4] proved
the following proposition.
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cally distributed with all finite moments.
In fact, Kuczek [4] shows t1 has all moments without the condition Oð0;0Þ1 .
Moreover, if we use Kuczek’s generating function argument (see [4, p. 1328]), we can
even show that if p4pc, there exist C1 and C2 depending only on p such that
Ppðt1XnÞpC1 expð
C2nÞ
for all n. But we will not use this strong argument in this paper.
With these observations we can give a representation of aðpÞ. We denote it by
PpðÞ ¼ PpðjOð0;0Þ1 Þ and Ep the expected value respect to Pp:
Lemma 1. If p4pc, then
aðpÞ ¼
EpX 1
Ept1
:
Proof. By the Proposition and a simple computation, we have
0p EpX 1p Ept1o1 and 0opPpðOð0;0Þ1 Þp Ept1: ð2:1Þ
By (2.1) and the ergodic theorem, we have
lim
m!1
Pm
i¼1 ti
m
¼ Ept140 Pp-a:s: and
lim
m!1
Pm
i¼1 X i
m
¼ EpX 1 Pp-a:s: ð2:2Þ
By (1.1) and PpðOð0;0Þ1 Þ40 we see that
lim
n!1
rn
n
¼ aðpÞ Pp-a:s: ð2:3Þ
By the deﬁnitions of X i and ti the sequencePm
i¼1 X iPm
i¼1 ti
is a subsequence of
rn
n
Pp-a:s:
Thus if p4pc,
aðpÞ ¼
EpX 1
Et1
: &
Let
t1 ¼ t1 if jC
ð0;0Þj ¼ 1;
f0g otherwise:
(
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X 1 ¼ X 1 if jC
ð0;0Þj ¼ 1;
f0g otherwise:
(
Note that if p4pc, PpðOð0;0Þ1 Þ40 so by Lemma 1
aðpÞ ¼ Ep
X 1
Ep t1
; ð2:4Þ
where Ept140. Since aðpÞ40 for p4pc (see [3]),
14Ept140: ð2:5Þ
3. Proof of the Theorem
First we show a few lemmas before the proof of the Theorem.
Lemma 2 (Durrett [3]). If p4pc, PpðOð0;0Þ1 Þ is infinitely differentiable.
For a given positive integer j we denote a polynomial f ðpÞ by
f ðpÞ ¼
X
m;npj
am;np
nð1
 pÞm;
where am;n is a positive constant.
Lemma 3. If 0opo1,
jf ðkÞðpÞjp j
pð1
 pÞ
 k
f ðpÞ:
Proof.
dk
dpk
ðpnð1
 pÞmÞ ¼
Xk
r¼0
k
r
 
nrmk
rpn
rð
1Þk
rð1
 pÞm
ðk
rÞ;
where xr ¼ xðx 
 1Þ . . . ðx 
 r þ 1Þ. By the binomial theorem,
dk
dpk
ðpnð1
 pÞmÞ
					
					 ¼
Xk
r¼0
k
r
 !
nrmk
rpn
rð
1Þk
rð1
 pÞm
ðk
rÞ
					
					
p pnð1
 pÞm n
p
þ m
1
 p
 k
:
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dk
dpk
f ðpÞ
					
					p f ðpÞ jp þ j1
 p
 k
p f ðpÞ j
pð1
 pÞ
 k
: &
Next we will show a lemma regarding the differentiability of Ep X 1.
Lemma 4. If 14p4pc, Ep X 1 is infinitely differentiable.
Proof. We know that
Ep X 1 ¼
X1
jjj¼1
jPpð X 1 ¼ jÞ:
By the deﬁnition of X 1 and t1 we have
X 1 ¼ rt1 :
We also know that
t1Xj X 1j ¼ jjj ð3:1Þ
since X 1 is the right edge on the level t1. By (3.1)
Ep X 1 ¼
X1
i¼1
Xi
j¼
i
jPpð X 1 ¼ j; t1 ¼ iÞ: ð3:2Þ
For i41, deﬁne the event
Ei ¼ fðrl ; lÞQðx; iÞ for any x and for all 0olpi 
 1g:
We also deﬁne the events
A ¼ fð0; 0Þ ! ð1; 1Þg;
B ¼ fð0; 0ÞQð1; 1Þ; ð0; 0Þ ! ð
1; 1Þg:
With these events we have for iX2
f X 1 ¼ j; t1 ¼ ig ¼ fðj; iÞ ! 1g \ fð0; 0Þ ! ðj; iÞg \ Ei: ð3:3Þ
For i ¼ 1 we have
f X 1 ¼ 1; t1 ¼ 1g ¼ fð1; 1Þ ! 1g \A ð3:4Þ
and
f X 1 ¼ 
1; t1 ¼ 1g ¼ fð
1; 1Þ ! 1g \B: ð3:5Þ
By (3.3)–(3.5),
Ep X 1 ¼ PpðOð0;0Þ1 Þ p þ pð1
 pÞ þ
X1
i¼2
Xi
j¼
i
jPpðð0; 0Þ ! ðj; iÞ;EiÞ
" #
: ð3:6Þ
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i¼2
Xi
j¼
i
jPpðð0; 0Þ ! ðj; iÞ;EiÞ
is inﬁnitely differentiable.
The event fð0; 0Þ ! ðj; iÞg \ Ei only depends on the edges in the triangle with cor-
ners at ð0; 0Þ, ð
i; iÞ and ði; iÞ. We know that the number of the edges in this triangle is
less than 2i2. By this observation, we can decompose the probability of the event into
Ppðð0; 0Þ ! ðj; iÞ;EiÞ ¼
X
n;mp2i2
an;mði; jÞpnð1
 pÞm; ð3:7Þ
where an;m is the number of subevents of
fð0; 0Þ ! ðj; iÞg \ Ei
such that the triangle contains only n open and m closed edges. By Lemma 3 for
pcopo1 there exists a positive constant Cðp; kÞ ¼ C such that
dk
dpk
X
n;mp2i2
am;nði; jÞpnð1
 pÞm
						
						p
2i2
pð1
 pÞ
 k
Ppð X 1 ¼ j; t1 ¼ i; Þ
PpðOð0;0Þ1 Þ
pCi2kPpð X 1 ¼ j; t1 ¼ iÞ: ð3:8Þ
Since t1 has all ﬁnite moments, by (3.8) and Markov’s inequality there exist
constants C1ðk; pÞ ¼ C1 and C2ðk; pÞ ¼ C2 such that
X1
i¼2
Xi
j¼
i
j
dk
dpk
X
n;mp2i2
an;mði; jÞpnð1
 pÞm
						
						pC1
X1
i¼2
i2kþ2Ppðt1 ¼ iÞpC2
X1
i¼2
1
i2
:
ð3:9Þ
Therefore, (3.9) shows that Ep X 1 is k times differentiable for pcopo1. &
Next we show the differentiability of Ep t1.
Lemma 5. If 14p4pc, Epðt1Þ is infinitely differentiable.
Proof. Note that
Ep t1 ¼
X1
i¼1
iPpðt1 ¼ iÞ ¼
X1
i¼1
i
Xi
j¼
i
Ppð X 1 ¼ j; t1 ¼ iÞ
so the differentiability of Ep t1 follows from the same proof of Lemma 4. &
Proof of the Theorem. We have shown that
aðpÞ ¼ Ep
X 1
Ep t1
;
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now follows by the calculus rules for taking derivatives. &Acknowledgements
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